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ABSTRACT 

The paper proposed the mathematical modeling, 

trajectory planning, and nonlinear control of the 

manipulator robot  SCARA T3 401SS manufacturer 

Epson. The National Confederation of Industry (CNI) 

developed a survey on the results of companies that 

have adopted Industry 4.0 concepts, and the results 

were released in 2018, which extensively use robots in 

their manufacturing plants. In Brazil, there are about 

1,595 units with robots installed. Thus, the static and 

dynamic models of the robot were developed, which 

were used to carry out the trajectory planning and the 

nonlinear control system partitioned based on a model 

in the joint space. From this proposal, the code was 

constructed in the MATLAB® software environment. 

Then, the simulation was performed and the numerical 

results were obtained, regarding the position, speed, 

and acceleration of the effector about the fixed base of 

the robot, in the context of static and dynamic 

modeling. Through the mathematical description and 

computer simulation, the results proved to be coherent 

and promising, which have the purpose of contributing 

to students and professionals in the area who seek 

temporal models and behaviors, to check, compare and 

implement new embedded technologies. As well as 

evaluate the best performance of the robotic system. 

 

Keywords: Scara T3 401SS Robot, Kinematic 

Modeling, Dynamic Modeling, Nonlinear Control 

System. 
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1 INTRODUCTION 

Since 2010, the demand for industrial robots has increased considerably, due to the trend of 

automation and industrial technological innovation and the use of robotics, due to the emergence of the 

Industry 4.0 concept. After the drop in the number of robot installations in 2019, due to the trade war 

between China and the United States of America, the number of robot installations grew again in 2020, 

despite the global pandemic situation, and reached the number of 383,545 units installed. In Brazil, 

however, this number fell from 1,833 to 1,595 installed units [1]. 

Although Brazil is not among the largest consumers of robots in the world, as well as industrial 

plants installed, robotics is still an area that demands knowledge and development since the use of robotics 

is directly related to the competitiveness of the industry [1], in the face of the global market. According to 

the research of the National Confederation of Industry (CNI), companies that adopted the concepts of 

Industry 4.0 obtained better results than they had previously [2]. 

In certain situations, human intervention becomes limited or impossible, such as environmental 

conditions, physical disability, high accuracy of execution, force or movement scale factor, etc. In this way, 

the use of robotic systems becomes attractive, which emerges as a possible solution in the industrial 

environment. When considering the scale factor, the use of force in industrial applications stands out, as in 

the case of the manipulation of sheet metal bending equipment, used in the automotive industry. There are 

other applications of extreme precision, where the robot moves from the trajectory tracking, these being 

pre-established for the execution of the respective task. Thus, the use of robotic manipulators becomes 

attractive and motivates both the development of machines and the improvement of systems that aim to 

assist man in his design and development activities [3]. 

When considering the scenario of growth and application of robotics, there is a need to develop 

several fronts of this area, such as the theoretical field and front of design and construction of mechanisms. 

In the article [4], we presented the modeling of a PUMA robot with six degrees of freedom (dof) and the 

construction of an application for trajectory planning. In another article [5], the modeling, simulation, and 

trajectory control of a SCARA robot were shown. There are other articles, in which the authors have 

devoted themselves to laying the mathematical foundations of manipulative robots [6] [7] [8] [9] [10][11], 

as well as mobile robots with legs [12] [13]. 

In this context, the present article developed a case study applied to the Scara T3 401SS Manipulator 

Robot from the manufacturer EPSON [14]. From the lecture notes of the Introduction to Robotics course 

of the Electronic Engineering course at the Federal Technological University of Paraná (UTFPR), Campo 

Mourão Campus [15], the direct kinematics and robot dynamics were modeled, in addition to the 

application of a nonlinear position control strategy. 

 

  



 

 

3 

Development and its applications in scientific knowledge  

Modeling, simulation, motion trajectory planning and nonlinear control in the joint space of the 

manipulator robot SCARA T3 401SS manufacturer Epson 

2 METHODS 

Model Description 

The SCARA robot model T3 401SS from the manufacturer Epson was considered for mathematical 

modeling, which includes the static model, represented by direct kinematics, and the dynamic description, 

in addition to the control strategy. All mathematical modeling and control were based on the CRAIG 

literature [16]. This robot has three degrees of freedom (dof), in which two joints are rotating and the last 

is prismatic, abbreviated by RRP or 2RP, illustrated in Figure 1. 

To better infer the mathematical model, a two-dimensional mechanical scheme of the robot was 

developed, establishing the hypothesis of symmetry with the X axis, as illustrated in Figure 2. In this figure, 

the links and joints with the respective Reference Systems (RS){𝑖}, are observed, which 𝑖 =  1,2,3,4, located 

at the origin of each link or rigid body of the robot. 

 

A. RS Position{𝑖} 

In this subsection, the positions of the RS{𝑖} to the RS{𝑖 −  1} are presented, where 𝑖 =  1,2,3,4. From 

the establishment of the RS{0}  as the origin and fixed, the other RS are mobile and were obtained as 

described: 

 

𝑃1 
0 = [0 0 ℎ]𝑇                                                                                                     (1) 

𝑃2 
1 = [ 0 𝑏 𝑎]𝑇                                                                                                    (2) 

 

Figure 1.  Robot Epson  model T3 401SS, Seiko Epson Corporation [17]. 
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Figure 2.  2D mechanical model. 

 

 

 

𝑃3 
2 = [0 𝑐 0]𝑇                                                                                                      (3) 

𝑃4 
3 = [ 0 0 −𝑑]𝑇                                                                                                  (4) 

 

and 𝑑 is the prismatic movement of the RS{3}. 

 

RS{i} Guidance 

For a full description of an RS, in addition to the position there is a need for the orientation of the 

mechanism. Thus, the projections of the RS{𝑖} concerning the RS{𝑖 −  1}, were made 𝑖 =  1,2,3,4, expressed 

as: 

 

𝑅𝑖
𝑖−1 = [

 𝑋𝑖𝑋𝑖−1 𝑌𝑖𝑋𝑖−1 𝑍𝑖𝑋𝑖−1

𝑋𝑖𝑌𝑖−1 𝑌𝑖𝑌𝑖−1 𝑍𝑖𝑌𝑖−1

𝑋𝑖𝑍𝑖−1 𝑌𝑖𝑍𝑖−1 𝑍𝑖𝑍𝑖−1

]

 

                                                                          (5) 

 

The projection of the RS{1}  about the RS{0} around the Z axis, expressed by: 

 

𝑅1
0 = [

𝑐1 −𝑠1 0
𝑠1 𝑐1 0
0 0 1

]

 

                                                                                                  (6) 

 

being 𝑐𝑜𝑠(𝜃1)  =  𝑐1 and 𝑠𝑒𝑛(𝜃1)  =  𝑠1. 
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Analogously for the RS{2} about the RS{1} around the 𝑍 axis, obtained by: 

 

𝑅2
1 = [

𝑐2 −𝑠2 0
𝑠2 𝑐2 0
0 0 1

]

 

                                                                                                 (7) 

 

being 𝑐𝑜𝑠(𝜃2)  =  𝑐2 and 𝑠𝑒𝑛(𝜃2)  =  𝑠2. 

 

In RS{3} concerning RS{2} prismatic motion occurs along the Z axis, so the rotational matrix is 

equal to the identity of order 3, given by:  

 

𝑅3
2 = [

1 0 0
0 1 0
0 0 1

]

 

                                                                                                       (8) 

 

Finally, the RS{4} about the RS{3} around the Z axis, the rotational matrix and obtained as: 

 

𝑅4
3 = [

𝑐4 −𝑠4 0
𝑠4 𝑐4 0
0 0 1

]

 

                                                                                                 (9) 

 

being 𝑐𝑜𝑠(𝜃4)  =  𝑐4 and 𝑠𝑒𝑛(𝜃4) = 𝑠4 

 

For a full description of the Direct Kinematics of the robot, the position vector, Eqs. (1)-(4), and the 

rotational matrix, Eqs. (6)-(9), of the respective RS should be concatenated in a single structure, called the 

Transformation Equation (TE). The general form of ET is given by: 

 

𝑇𝑖
𝑖−1 = [

𝑅𝑖
𝑖−1 𝑃𝑖 

𝑖−1

01𝑥3 1
]
 

                                                                                             (10) 

 

The following are listed the TEs for each link, Eq. (10), where 𝑖 =  1,2,3,4, of the form: 

 

𝑇1
0 = [

𝑐1 −𝑠1

𝑠1 𝑐1

0 0
0 0

0 0
0 0

1 ℎ
0 1

]

 

                                                                                         (11) 

𝑇2
1 = [

𝑐2 −𝑠2

𝑠2 𝑐2

0 0
0 𝑏

0 0
0 0

1 𝑎
0 1

]

 

                                                                                         (12) 
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𝑇1
0 = [

𝑐3 −𝑠3

𝑠3 𝑐3

0 0
0 𝑐

0 0
0 0

1 0
0 1

]

 

                                                                                         (13) 

𝑇4
3 = [

𝑐4 −𝑠4

𝑠4 𝑐4

0 0
0 0

0 0
0 0

1 −𝑑
0 1

]

 

                                                                                      (14) 

 

Kinematics 

Kinematics is the area of knowledge that deals with the subject without considering the forces that 

cause it, this deals only with position, speed, acceleration over time and other derivatives, from geometry. 

In this step will be considered the positions and orientations of the RS of the robot in a static configuration, 

are to determine the position of the links concerning the RS{0}. 

 

A. Direct Kinematics 

The Direct Kinematics (CD), corresponds to the static mathematical description of the robot, this 

description has as independent variables and as dependent variables the cartesian position of the RS . 

In order to locate the final effector, RS{4}, with the fixed base of the robot, RS{0}, the 

multiplication of the TEs, Eqs, was performed. (11)-(14), as follows: 

 

𝑇4
0 = 𝑇1

0 ( 𝑇2
1 ( 𝑇3

2 𝑇4
3 )))                                                                                   (15) 

 

The TE, shown in Eq. (15), has the structure of the form: 

 

𝑇4
 0 = [

𝑅4
0 𝑃4 

0

01𝑥3 1
]
 

                                                                                                  (16) 

 

being by inspection it is possible to identify the equivalent rotational matrix, as well as the location 

of the robot effector, 𝑃4 
0 . 

 

Trajectory description 

In this section, the trajectory of this robot was described, based on the use of Eq. (16). 
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The trajectory of the robot must have smooth movement, this is necessary so that the manipulator 

does not have sudden movements, which can lead to vibrations or damage to the system. To tend the 

restriction of smooth motion, the polynomial of the third degree was used, as follows: 

 

𝜃(𝑡) = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡2 + 𝑎3𝑡3                                                                      (17) 

 

where 𝜃(𝑡) is the value of the angle of the joint as a function of time t, 𝑎𝑖, where 𝑖 =  0,1,2,3, are the 

parameters of the polynomial so that the motion is smooth. 

The first derives from Eq. (17), which corresponds to the velocity equation of the mechanism, 

obtained by: 

 

𝜃̇(𝑡) =  𝑎1  +  2𝑎2𝑡 +  3𝑎3𝑡2                                                                                  (18) 

 

The derivative of Eq. (18), this being the acceleration equation, is expressed by: 

 

𝜃̈(𝑡)  =  2𝑎2  +  6𝑎3𝑡                                                                                               (19) 

 

Established of the Eqs. (17)-(19), then position and speed restrictions were imposed, such as: 

 

𝜃(0)  =  𝜃0                                                                                                                     (20) 

𝜃(𝑡𝑓 )  =  𝜃𝑓                                                                                                                   (21) 

𝜃̇(0)  =  0                                                                                                                        (22) 

𝜃̇(𝑡𝑓 )  =  0                                                                                                                     (23) 

 

tf being final time of movement, 𝜃0 initial angle and 𝜃𝑓final angle, in addition to the initial and final 

zero velocities.  

To determine the parameters ai, with 𝑖 =  0,1,2,3, the Eqs conditions were replaced Eqs. (20)-(23), 

in the Eqs. (17)-(19), when manipulating it was obtained: 

 

𝑎0  =  𝜃0                                                                                                          (24) 

𝑎1  =  0                                                                                                            (25) 

𝑎2 =
3

𝑡𝑓
2 (𝜃𝑓 − 𝜃0)                                                                                            (26) 

𝑎3 = −
2

𝑡𝑓
3 (𝜃𝑓 − 𝜃0)                                                                                        (27) 
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From the given parameters, Eqs. (24)-(27), it becomes possible to perform the trajectory planning 

of the robot effector, as will be illustrated in the Results Section. 

 

Dynamics 

Dynamics is the area of knowledge that considers the forces necessary to cause movement. In this 

context there are two problems related to the dynamics of the robot, namely: (i) from a point of trajectory 

find the vector τ necessary for the torques of the joints; and (ii) with the torque vector τ find the trajectory 

of the robot. 

 

A. Mass Distribution 

To begin the study of motion, it becomes necessary to analyze the mass distribution of the links and 

consequently the inertia tensioners, which can be defined in relation to any RS{i}, where 𝑖 =  0, . . . ,4. In 

the case of the SCARA robot, the RS of each link located in the Mass Center (MC) of the body was adopted, 

in addition to considering each body analogous to a cobblestone, massive and rigid. The MC can be 

expressed by: 

 

[

𝑥𝑐𝑚

𝑦𝑐𝑚

𝑧𝑐𝑚

] =
1

2
[
𝑘
𝑙
𝑞
]                                                                                                             (28) 

 

where k is the length along the 𝑋𝑖 axis, 𝑙 is the width along the  𝑌𝑖 axis and 𝑞 is the height along the  

𝑍𝑖 , whit i=1,...,4. 

The inertia tensor for each rigid body, 𝑖 =  1,2,3, can be obtained by: 

 

𝐼𝑖 
𝑐

 
=

[
 
 
 
 
𝑚𝑖

12
(𝑞𝑖

2 + 𝑙𝑖
2) 0 0

0
𝑚𝑖

12
(𝑘𝑖

2 + 𝑞𝑖
2) 0

0 0
𝑚𝑖

12
(𝑙𝑖

2 + 𝑘𝑖
2)]

 
 
 
 

                                                       (29) 

 

being 𝑚 the mass of the link. 

 

B. Newton–Euler Iterative Dynamic Algorithm 

To obtain the dynamic equations of the robot, the Newton-Euler iterative algorithm was applied. Thus, 

they determined whether the torque equations τ for each joint of the link robot 𝑖 =  0 →  𝑛 − 1. 
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The angular velocity equation: 

 

𝜔𝑖+1 
𝑖+1 = 𝑅𝑖

𝑖+1 𝑖𝜔𝑖 + 𝜃̇𝑖+1 𝑍̂ 
𝑖+1

𝑖+1                                                                     (30) 

 

where 𝜔𝑖+1 
𝑖+1  the angular velocity of the link {𝑖 +  1} with respect to the RS{𝑖 +  1} and 

i+1 Z i+1 axis of rotation of the link {𝑖 +  1}, in this case . 

 

The angular acceleration equation:  

 

𝜔̇𝑖+1 
𝑖+1 = 𝑅𝑖

𝑖+1 𝑖𝜔𝑖 + 𝑅𝑖
𝑖+1 𝑖𝜔̇𝑖 × 𝜃̇𝑖+1 𝑍̂ 

𝑖+1
𝑖+1 + 𝜃̈𝑖+1 𝑍̂ 

𝑖+1
𝑖+1                               (31) 

 

being  𝜔̇𝑖+1 
𝑖+1  the angular acceleration of the link {𝑖 +  1} concerning the RS{𝑖 +  1}. 

 

The linear acceleration equation: 

 

𝑣̇𝑖+1 
𝑖+1 = 𝑅𝑖

𝑖+1  ( 𝑖𝜔̇𝑖 × 𝑃 
𝑖

𝑖+1 +  𝑖𝜔𝑖 × ( 𝑖𝜔𝑖 ×  𝑖𝑃𝑖+1) +  𝑖𝑣̇𝑖)                                    (32) 

 

being 𝑣̇𝑖+1 
𝑖+1  the linear acceleration of the link {𝑖 +  1} in relation to the RS{𝑖 +  1}. 

 

The linear acceleration equation of MC: 

 

𝑣̇𝑐𝑖+1 
𝑖+1 =  𝑖+1𝜔̇𝑖+1 ×  𝑖+1𝑃𝑐𝑖+1

+ 𝑖+1𝜔𝑖+1
 
× ( 𝑖+1𝜔𝑖+1 ×  𝑖+1𝑃𝑐𝑖+1) +  𝑖+1𝑣̇𝑖+1                   (33) 

 

being 𝑣̇𝑐𝑖+1 
𝑖+1  the linear acceleration of the link {𝑖 +  1} with respect to its MC and  𝑖+1𝑃𝑐𝑖+1

 the 

position vector of the link {𝑖 +  1} MC. The force equation:̇ 

 

 𝑖+1𝐹𝑖+1 = 𝑚𝑖+1 
𝑖+1𝑣𝑐̇ 𝑖+1

                                                                                                           (34) 

 

where  𝑖+1𝐹𝑖+1  the force equation is relative to the RS{𝑖 +  1}.  

The torque equation: 

 

 𝑖+1𝑁𝑖+1 =  𝐶𝑖+1𝐼𝑖+1 
𝑖+1𝜔̇𝑖+1 +  𝑖+1𝜔𝑖+1 ×  𝐶𝑖+1𝐼𝑖+1 

𝑖+1𝜔𝑖+1                                                 (35)  

 

where   𝑖+1𝐹𝑖+1 the torque equation with respect to RS{i + 1} and  𝐶𝑖+1𝐼𝑖+1 the inertia tensor of the 

link {𝑖 +  1}.  
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For prismatic joints, one must use the equations corresponding to the eqs. (31) and (32), 

respectively: 

 

 𝑖+1𝜔̇𝑖+1 = 𝑅𝑖
𝑖+1  𝑖𝜔𝑖                                                                                                                      (36)   

 

𝑣̇𝑖+1 
𝑖+1 = 𝑅𝑖

𝑖+1  ( 𝑖𝜔̇𝑖 × 𝑃 
𝑖

𝑖+1 +  𝑖𝜔𝑖 × ( 𝑖𝜔𝑖 ×  𝑖𝑃𝑖+1) +   𝑖𝑣̇𝑖) + ⋯                                             (37) 

                                     … 2 𝑖+1𝜔𝑖+1 × 𝑑 ̇ 𝑖+1 
𝑖+1𝑍̂𝑖+1 +   𝑑̈𝑖+1 

𝑖+1𝑍̂𝑖+1   

 

After performing the iterations described by the Eqs. (31)-(35), Newton-Euler algorithm was 

finalized with the interactions of the link  𝑖 =  𝑛 →  1, thus there was the decomposition of the torques 𝜏𝑖. 

The force equation: 

 

 𝑖𝑓𝑖 = 𝑅𝑖+1
𝑖  𝑖+1𝑓𝑖+1 +  𝑖𝐹𝑖                                                                             (38) 

 

being  𝑖𝑓𝑖 the force in the joint {𝑖}. 

The torque equation: 

 

 𝑖𝑛𝑖 =  𝑖𝑁𝑖 + 𝑅𝑖+1
𝑖  𝑖+1𝑛𝑖+1 +  𝑖𝑃𝐶𝑖 ×  𝑖𝐹𝑖+ 𝑖𝑃𝑖+1 × 𝑅𝑖+1

𝑖  𝑖+1𝑓𝑖+1                                   (39) 

 

being  𝑖𝑛𝑖 the torque in the joint {𝑖}. 

 

The decomposed torque equation on axis of rotation or translation: 

 

𝜏 =   𝑖𝑛𝑖
𝑇 𝑖𝑍̂𝑖                                                                                                                        (40) 

 

the  𝜏𝑖 torque being oriented in the joint {𝑖}. 

 

After performing the iterations out, Eqs. (31)-(35), and inward, Eqs. (38)-(40), the calculated torques 

for each joint are presented, 𝜏1 and 𝜏2  the torques  performed on joints 1 and 2, respectively, and 𝜏3  the  

force applied to the prismatic joint: 

 

𝜏1 = (𝑚1𝑏𝑐𝑚
2 + 𝐼𝑍𝑍1 

𝑐 )𝜃̈1 + (𝑚2(𝑏
2 + 2𝑏𝑐𝑐𝑚𝑐 

2 + 𝑐𝑐𝑚
2 ) + 𝐼𝑧𝑧2 

𝑐 )𝜃̈1 + … 

… (𝑚2(𝑏𝑐𝑐𝑚𝑐 
2 + 𝑐𝑐𝑚

2 ) + 𝐼𝑧𝑧2 
𝑐 )𝜃̈2 + (𝑚3(𝑏

2 + 2𝑏𝑐𝑐 
2 + 𝑐 

2) + 𝐼𝑧𝑧3 
𝑐 )𝜃̈1 + …          (41) 

… (𝑚3(𝑏𝑐𝑐2 + 𝑐2) + 𝐼𝑧𝑧3 
𝑐 )𝜃̈2 
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𝜏2 = (𝑚2(𝑏𝑐𝑐𝑚
 𝑐2 + 𝑐𝑐𝑚

2 ) + 𝐼𝑧𝑧2 
𝑐 )𝜃̈1+. ..  

…(𝑚3(𝑏𝑐𝑐2
 + 𝑐2) + 𝐼𝑧𝑧3 

𝑐 )𝜃̈1 + … 

… (𝑚3𝑐 
2 + 𝐼𝑧𝑧3 

𝑐 )𝜃̈2 + (𝑚2𝑐𝑐𝑚
2 + 𝐼𝑧𝑧2 

𝑐 )𝜃̈2+. ..                                                            (42) 

… (𝑚2𝑏𝑐𝑐𝑚
 𝑠2)𝜃1

2̇ + (𝑚2𝑏𝑐𝑐𝑚
 𝑠2) + 𝜃1

  ̇ 𝜃2
 ̇ . ..  

…(𝑚3𝑏𝑐𝑠2)𝜃1
2̇ + (𝑚3𝑏𝑐𝑠2) + 𝜃1

  ̇ 𝜃2
 ̇    

  

𝜏3 = 𝑚3𝑑̈ − 𝑚3𝑔                                                                                                          (43) 

 

can be suitable Eqs. (41)-(43) in the form of a general equation, expressed by: 

 

𝜏 = 𝑀(𝜃)𝜃̈ + 𝑉(𝜃, 𝜃̇) + 𝐺(𝜃)                                                                                      (44) 

 

where τ is the torque vector, the (n×1), 𝑀(𝜃) inertia matrix of the manipulator (n×n), 𝑉 (𝜃, 𝜃̇) is the 

vector of the Centrifugal and Coriolis (n×1) terms and 𝐺(𝜃) is a vector of the terms Gravity (n×1). Note 

that the terms are dependent on 𝜃 (position), 𝜃̇ (velocity), and 𝜃̈ (acceleration). 

In the case of the robot SCARA model T3 401SS, the matrix of inérica, , 𝑀(𝜃), of Eq. (44) becomes: 

 

𝐴1 = 𝐼𝑧𝑧1 
𝑐 + 𝐼𝑧𝑧2 

𝑐 + 𝐼𝑧𝑧3 
𝑐 + 𝑏𝑐𝑚

2 𝑚1 + …                                                                                       (45)   

… 𝑚3(𝑏
2 + 2𝑏𝑐𝑐2 + 𝑐2) + 𝑚2(𝑏

2 + 2𝑏𝑐𝑐𝑚𝑐2 + 𝑐𝑐𝑚
2 )  

 

𝐵1 = 𝐼𝑧𝑧2 
𝑐 + 𝐼𝑧𝑧3 

𝑐 + 𝑚3(𝑐
2 + 𝑏𝑐𝑐2) + 𝑚2(𝑐𝑐𝑚

2 + 𝑏𝑐𝑐𝑚𝑐2)                                                            (46) 

 

𝐶1 = 0                                                                                                                                                (47) 

 

𝑀1 = [𝐴1 𝐵1 𝐶1]                                                                                                                         (48) 

 

𝐴2 = 𝐼𝑧𝑧2 
𝐶  + 𝐼𝑧𝑧3 

𝐶  + 𝑚3(𝑐
2  +  𝑏𝑐𝑐2)  +  𝑚2(𝑐𝑐𝑚

2  +  𝑏𝑐𝑐𝑚𝑐2)                                                (49) 

 

𝐵2 = 𝐼𝑧𝑧2 
𝐶 + 𝐼𝑧𝑧3 

𝐶 + 𝑚3𝑐
2 + 𝑚2𝑐𝑐𝑚

2                                                                                            (50) 

 

 𝐶2 = 0                                                                                                                                             (51) 

 

𝑀2 = [𝐴2 𝐵2 𝐶2]                                                                                                                       (52) 

 

𝐴3 = 0                                                                                                                                            (53) 

 

𝐵3 = 0                                                                                                                                             (54) 
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𝐶3 = 𝑚3                                                                                                                                        (55) 

 

𝑀3 = [𝐴3 𝐵3 𝐶3]                                                                                                                      (56) 

 

The matrix M will be composed of the Eqs. (48), (52) and (56), expressed as: 

 

𝑀 = [
𝑀1

𝑀2

𝑀3

]                                                                                                                         (57) 

 

Analogously for the vector 𝑉 (𝜃, 𝜃̇), Eq. (44), it is obtained: 

 

𝑉1 = 0                                                                                                                            (58) 

 

𝑉2 = (𝑏𝑐𝑚3𝑠2 + 𝑏𝑐𝑐𝑚𝑚2𝑠2)𝜃1
2̇ + (𝑏𝑐𝑚3𝑠2 + 𝑏𝑐𝑐𝑚𝑚2𝑠2)𝜃1

 ̇ 𝜃2
 ̇                                   (59) 

 

𝑉3 = 0                                                                                                                            (60) 

 

𝑉 = [𝑉1 𝑉2 𝑉3]
t                                                                                                        (61) 

 

The last vector, 𝐺(𝜃), from Eq. (44), it is obtained: 

 

𝐺1 = 0                                                                                                                            (62) 

 

𝐺2 = 0                                                                                                                            (63) 

 

𝐺3 = −𝑔𝑚3                                                                                                                    (64) 

 

𝐺 = [𝐺1 𝐺2 𝐺3]
t                                                                                                            (65) 

  

To perform the simulation, it is necessary to isolate the variable 𝜃̈ from the Eq. (44), as follows: 

 

𝜃̈ = 𝑀(𝜃)−1(𝜏 − 𝑉(𝜃, 𝜃̇) − 𝐺(𝜃)                                                                                   (66) 

 

To perform the point-to-point iteration, the time to perform the numerical integration was 

discretized, starting from the Eq. (66), one obtains: 
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𝜃̇ = 𝜃̇ + 𝑇𝑥𝜃̈                                                                                                                    (67) 

 

𝜃 = 𝜃 + 𝑇𝑥𝜃̇                                                                                                                    (68) 

 

where 𝑇𝑥 the sampling rate is. 

 

In the next section, Equation (44) will be used to control the manipulator robot. 

 

Nonlinear Control 

Once the dynamic modeling is completed, it is desired that the links of the manipulator robot follow 

certain trajectories. In this way, the torque control of the actuators is carried out in order to reach the desired 

final position smoothly. 

There are control strategies applied to robotic manipulators, these can be classified as linear or non-

linear. For the case of tenuous nonlinearities, local linearization becomes possible, linear models are 

obtained that approximate the nonlinear equations in the vicinity of the point of operation. However, the 

control problem of a manipulator robot is not suitable for this approach. 

Therefore, we seek a control law that does not neglect the intrinsic nonlinearities of the robot so that 

the control system is critically dampened, being described by the open mesh system in Equation (44). 

 

Figure 3.  Closed-loop control diagram. 

Source: Adapted from [16] 

 

Figure 3 shows the closed-loop control diagram of the system. 

 

The partition of the control law obtains the following model: 

 

𝜏 = 𝛼𝜏′ + 𝛽                                                                                                                     (69) 
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where , 𝛼 =  𝑀(𝜃), 𝛽 =  𝑉 (𝜃, 𝜃˙)  +  𝐺(𝜃) and  the 𝜏′ partition of the servo expressed by: 

 

𝜏′ = 𝜃̈ + 𝑘𝑣𝑒̇ + 𝑘𝑝𝑒                                                                                                            (70) 

 

where k p is the gain of position, kv is  the gain of speed, e is the error of  position and 𝑒̇  is the 

error of velocity, given by:  

 

𝑒 = 𝜃𝑓 − 𝜃𝑎                                                                                                                     (71) 

 

The speed error, 𝑒̇, expressed by: 

 

𝑒̇ = 𝜃̇𝑓 − 𝜃̇𝑎                                                                                                                     (72) 

 

being 𝜃𝑓 is the desired final position, 𝜃𝑎 the current position of the robot, 𝜃̇𝑓 the desired final speed, 

𝜃̇𝑎 and the current speed of the robot. The parameters  𝑘𝑝 and 𝑘𝑣, are calculated based on the performance 

specifications of the project. 

As for the computational implementation, Eqs. (44) is discretized, then: (i) the variables of position 

(𝜃), velocity (𝜃̇) and acceleration (𝜃̈); (ii) the errors of position (𝑒) and velocity (𝑒̇), described in Eqs. (71)-

(72); (iii) the partition of the servo is calculated (𝜏′), according to Eq. (70); and (iv) the open mesh equation 

is computed, according to Equation (69). 

To implement the law of control, it isolated (𝜃̈) in Equation (44), as follows: 

 

𝜃̈ = 𝛼−1(−𝛽 + 𝜏)                                                                                                                (73) 

 

At this stage of the iteration, numerical integration was performed and obtained (𝜃̇) and (𝜃), as 

expressed in Equations (67) and (68). 

The variables 𝜃̇ and 𝜃 of the iterative loop is returned until the stopping condition is reached. 

 

3 RESULTS 

The results were obtained from the MATLAB software®. Trajectory and control simulations were 

performed based on the desired position, velocity and acceleration values for each link, with the parameters 

presented in Table 𝑖 =  1,2,3. 
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Table 1.  Parameters used in the simulations. 

Links i = 1 i = 2 i = 3 

mi (Kg) 1.2 4.0 0.4 

MCi(m)(10−3) 112.5 87.5 170.0  

ki(m)(10−3) 90 129 8.57  

li(m)(10−3) 225 175 8.57  

qi(m)(10−3) 35 176 340.7  
c
Ixxi (10−6) 10400 38100 3900 

c
Iyyi (10−6) 900 16000 3900 

c
Izzi (10−6) 11000 33300 4.8963 

θi Initial (rad) 0 0 0 

θ ̇
i Initial (rad/s) 0 0 0 

θi Final (rad) π −π 0.15 

θ ̇
i Final (rad/s) 0 0 0 

θ ̈
i Final (rad/s2) 0 0 0 

g (m/s2) 9.8 9.8 9.8 

kpi 1 0.25 4 

kvi 2 1 4 

Txi (s) 0.001 0.001 0.001 

 

A. Trajectory generation 

The graph of the trajectory was generated, with the conditions presented in Eqs. (17)-(19), to 

determine the coefficients described in Eqs. (24)-(27). Figures 4-6 illustrate the temporal behaviors of the 

links  𝑖 =  1,2,3. 

Figure 4.  Elo Trajectory 1, where position, velocity and acceleration, respectively. 

 

 

Figure 5.  Elo Trajectory 2, where position, velocity and acceleration, respectively. 
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Figure 6.  Elo Trajectory 3, where position, velocity and acceleration, respectively. 

 

B. Control 

In the control stage, the Eqs. (57), (61) and (65) were calculated, which compose the dynamics of 

the robot and composed the control system in the closed mesh. For simulation, the parameters presented in 

Table I and a sampling time of 0.001s were used. Figures 7-9 illustrate the numerical results regarding the 

temporal behavior of the RRP robot links. 

 

Figure 7.  Control of position, speed, and acceleration of link 1. 

 

Figure 8.  Control of position, speed, and acceleration of link 2. 

 

Figure 9.  Control of position, speed, and acceleration of the link 3. 
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4 CONCLUSION 

The present article developed the mathematical modeling of kinematics and dynamics of the 

SCARA T3 401SS Robot of the EPSON Company, as well as the trajectory planning and nonlinear control 

system. The dynamics were performed using the Newton–Euler iterative method, which provided the set 

of torque equations, which was later used to control the actuators. 

The simulation and analysis of the position, velocity, and acceleration graphs of the joints were 

performed to verify the coherence of the results obtained, which were checked for the aforementioned 

manipulator robot. 

The modeling was validated through the results, thus it was evidenced the possible use of this model 

for the simulation and design of robots with rotating joints and prismatic since the mathematical model is 

generic. In this way it allows the adaptation of the parameters of other robots with analogous structures, 

this helps professionals in the area of the theoretical verification of the results, before the application or 

even physical construction of the mechanism. 

Therefore, it was noted the distinction between the simulated results and presented in Figures 4-6, 

as compared to the results illustrated in Figures 7-9, since the static and dynamic models are used, 

respectively. 
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